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MHoroHjieHbi KoKCxepa, npe;];cTaBjieHHe 
Bypay h HHBapnaHTbi MnjiHopa 

r. r. HjiBioTa 



Ahhotali,H5I. Mm nojiyHHM necKOJibKO (J)opMyji ^jih onpe^ejieH- 
Hbix B. KocTaHTOM pflflOB HyaHKape rpynn Kjienna (6HHapHbix 
nojiHS^pajibHbix rpynn) n MHOronjienoB KoKCTepa (xapaKTepn- 
CTHnecKHX MHOronjienoB MonoflpoMnn b cjiynae ocoGennocTeii) . 
HeKOTopbie h3 hhx - o6o6LLi,eHHe (J)opMyjibi 96ejiHHra, TOJK^e- 
CTBO KpHCTo4)4)ejia-/Iap6y n KOM6HHaTopHaH 4)opMyjia - hbjia- 

lOTCH CJie^CTBHflMH HSBGCTHblX yTBepJKfleHHH o xapaKTepHCTHnG- 

CKOM MHoronjiene rpacjaa. OTHomennH pa^OB XlyanKape n Mnoro- 
njienoB KoKCTepa npe^CTaBJienbi b Bn^e BeTBaninxca n,enHbix jxpo- 
6eH, KOTopbie hbjihiotch g-anajioraMH n;enHbix flpo6eH, noHBJijno- 
mnxcH B Teopnn paspemennH oco6eHHOCTeH n HcnHCJiennn Khp6h 
(B03HHKaeT Bonpoc o cymecTBOBannn q-anajioroB sthx Teopnii - 
B03M0JKH0, Taxne o6o6iri;eHHH Morjin 6bi ocnoBbiBaTbca na peayjib- 
TaTax A. B. rnBenTajia o g-MonoflpoMnn) . OcTaBmneca 4)opMyjibi 
CBfl3biBaK)T OTHomenHH neKOTopbix pa^OB HyaHKape n MHoronjie- 
HOB KoKCTepa c npe^CTaBJienneM Bypay n HnBapnanTaMH Mhji- 
Hopa CTpHHr-aaiienjiennii - o6o6iri;eHHbix koc, b KOTopbix hhtam 
paspemaeTca ne 6biTb MonoTonnbiMn. PesyjibTaTbi C. M. FycenH- 
Sa^e, <!>. ^ejibra^o n A. KaMnnjibo nosBOJiaroT paccMaTpnBaTb sth 
(|)aKTbi KaK yTBepjKflennfl o pa^ax Hyanxape KOJien, 4)yHKn,HH na 
oco6eHHOCTax kphbmx. HcnojibsOBannbie b ^OKasaTejibCTBax pe- 
3yjibTaTbi o (J)aKTopH3ai];HH Mnoronjiena AjieKcanflepa-KoHBea 3a- 
Ltenjienna n (|)opMyjibi SToii CTaTbn noflCKa3biBaiOT rHnoTe3y: ot- 
Homenne paflOB Hyanxape KOJien; 4)yHKLi;HH fljia 6jih3khx (no npn- 
MbiKannK) hjih no pacnojiojKennK) b cepnn) ocoGennocTeii KpnBbix 
onpe^ejiaeTca npe^CTaBJienneM Bypay hjih nHBapnanTaMH Mhjiho- 
pa CTpHHr-3ai];enjieHHfl, KOTopoe aBjiaeTca npoMescyTonnbiM 06^1- 
eKTOM npn nepecTpoHxe y3Jia Oflnoii oco6eHHOCTH b y3eji flpyroii. 



1. BBe^eHHe 

B. 36ejiHHr Hameji (J)opMyjiy, npe;i;cTaBJiaioiii;yio pafl HyaHKape 
fljifl HHBapHaHTOB rpyunbi KjiefiHa b Buji^e OTHomenHfl MHoro^JienoB 
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KoKCTepa eEKjiH^OBoii h acjDcjDHHHOH flHarpaMM /JbiHKHna, OTBe^aio- 
mnx rpynne corjiacHO cooTBeTCTBHio MaKKea (HCKjiio^eHHe cocTaBjiii- 
GT a(|)(|)HHHa5i flHarpaMMa ^biHKHHa A2m) [Z]- Panee Smjih HSBecTHbi 
peayjibTaTbi C. M. FyceHH-Safle, <!>. ^ejibraflo h A. KaivraHJibo, CBa- 
abiBaioiuHe xapaKTepncTHHecKHH MHoroHJien moho^pomhh (MHoroHJien 
KoKCTepa) c pa^OM HyaHKape KOJibn,a 4)yHKn,HH na oco6eHHOCTH |3]. 
Ham noflxofl k tcmg CBflaeii pa^OB HyaHKape h MHoroHjienoB KoKCTepa 
ocHOBan na anajiorHH uex^y ajiropHTMOM EBKjiH^a h peKyppenTHbi- 
MH cooTHomeHHaMH fljia pa^OB HyaHKape h MHoroHjienoB KoKCTepa 
HjiH, B Sojiee oSmeM KOHTeKCTe, cooTHomenHaMH ^jia 6jiOMHbix onpe- 
^ejiHTejiefi, HSBecTHbiMH KaK (J)opMyjia flonojineHHa no Illypy. ^py- 
roH noflxofl onnpaeTca na peayjibTaTbi o 4)aKTopH3aii;HH MHoroHJiena 
AjieKcanflepa-KoHBea 3aii;enjieHHa |14| . |19| . 

^OKaaaTejibCTBa MHornx CBaaanHbix c noBepxnocTbio 3eH(J)epTa, 
MaTpHiteii AjieKcaH/i,epa h MHoro^jienoM AjieKcaH;],epa-KoHBea peayjib- 
TaTOB TeopHH ysjiOB CBOflaTca k npHMeHenHio 4)opMyjibi ^onojineHHa 
no IHypy (nacTO (J)opMyjia abno ne ncnojibsyeTca, no ee npnivienenne 
MOJKeT ynpocTHTb ^OKaaaTejibCTBo). B npocTenmeM napnanie STa (\)op- 
Myjia no3BOJiaeT BbinncjiaTb onpe;i;ejiHTejib Sjionnon 2 x 2-MaTpHn;bi 

det (Aij) = det (An - Aia^^a^Aai) det A22. 

B Teopnn n;HKJiHMecKHx naKpbiTHn ^onojinenna k ysjiy n ee o6o6ni;e- 
nnax 4)opMyjia noaBJiaeTca KaK TOJK;i;ecTBO ;i;jia Sjiohhofo o6o6ni;enHa 
n;HpKyjiaHTa hjih CTaH;i;apTHoro MaTpn^noro npeflCTaBJienna n;HKJiH- 
necKoii nepecxanoBKn {i ^ i + 1) mod n [22| . |25| . |26| . B paSoxax, 
CBaaannbix c (i)aKTopH3an,neH Mnoronjiena AjieKcan^epa-Konnea, (J)op- 
Myjia flonojinenna no Illypy ncnojiBsyeTca b CHTyan,HH, Kor^a MaTpHn,a 
4)opMbi 3eH(J)epTa o^noro 3au,enjienHa onpe^ejiaeTca nacTbro Maipn- 
n;bi 4)opMbi 3eH(i)epTa ;i;pyroro 3an;enjieHHa |14| . |19| . |30| . B [4] c 
noMOin;bK) 3toh (J)opMyjibi nojiynenbi cooTHomenna ji^Jisi MHoroHJiena 
AjieKcanflepa-KoHBea n xapaKTepncTHnecKHx MnoroHJienoB onepaTO- 
poB H3 rpynnbi Mono^poMnn ocoSennocTH. Mbi paccMaTpnBaeM ^op- 
Myjiy flonojinenna no Illypy KaK nepnoe "flejienne c ocTaTKOM"fljia 
neKOToporo oSoSmennoro ajiropnTMa EBKjin;],a. OcoSenno SjinsKne k 
ajiropHTMy EnKjin^a (J)opMyjibi nojiynaiOTca, ecjin b KanecTBe An 
B3aTb noflMaTpnn,y nopsi^Ka 1. Hpnivienenaa (J)opMyjiy ^onojinenna no 
Illypy K Tpex^naronajibnoii MaTpHn,e 5lKo5n, mojkho ;],0Ka3aTb nsnecT- 
Hbie peKyppenTHbie cooTnomenna fljia opToronajibHbix MnoroHJienoB 
(b 3T0M cjiynae ;i;ocTaTOHHO pa3JiojKeHHH onpe;i;ejiHTejia no CTpoKaM 
n CT0Ji6n;aM). Anajiorna MejK^y ajiropnTMOM EsKJinfla n Teopnen op- 
ToronajibHbix MnoroHJienoB ncnojibsoBajiacb b |18| . r^e, b nacTnocTH, 
flOKa3an anajior TOJK^ecTBa KpHCT0(J)(J)ejia-/Iap6y ^Jia Sesyinana n 
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BpoHCKHana napbi MHoro^JienoB. B [9] HMeeTca cooTBeTCTByiomee to>k- 
flecTBO ^Jin xapaKTepHCTH^ecKoro MHoro^Jiena rpa(|)a. B n. 2 mbi ^OKa- 
JKGM TOJKflecTBO KpHCTOcJicjiejia-^apSy fljia MHoroHJienoB KoKCTepa, a 
TaKJKe anajiorn neKOTopbix ^pyrnx (jDopMyji ^Jia ajiropHTMa EBKJiH;i;a, 
b MacTHOCTH, nojiyHHM pasjiojKeHHa b BeTBamneca ii;enHbie flpoSn. ^Jia 
eBKJiH;i;oBOH flnarpaMMbi ^biHKHna An ii;enHaa ;i;po6b paBHa nacTHOMy 
;i;Byx coce^iHHx MHoroHJienoB HeSbimeBa. ^Jia a(J)(J)HHHbix ^narpaMM 
/l^biHKHHa An, Dn, Eq, Ej , Eg BGTBamHeca n,enHbie ffpo6ii BbinHcanbi 
aBHO H B n. 3 noKaaano, hto ohh paBHbi yMHOJKeHHbiM na q pa;i;aM 
HyaHKape ^Jia HHBapnaHTOB rpynn Kjienna. B Teopnn opToronajib- 
Hbix MHoroHJienoB n;enHbie ;i;po6h (a TaKJKe TOJK^ecTBO KpncTOcjDcjDejia- 
^ap5y) noaBHJiHCb b ocnoBonojiaraioni;Hx paSoTax Yl. Jl. MeSbimeBa. 
OTMeTHM, ^To B 19-M BCKG pojib n,enHbix ^po6eii b anajinae 6bijia cpaB- 
HHMa c pojibK) pa^a Tenjiopa. 

/Jjia flnarpaMMbi /JbiHKHna (KoneHHoro rpa(J)a 6e3 neiejib h KpaT- 
Hbix pe6ep) Gfi c MHoacecTBOM BepniHH n = {!,..., n} h BecaMH na 
pe6pax ttij = ttji (ycjiOBne a^j = paBnocnjibno OTcyTCTBHio peSpa ij 
B rpa4)e) Mnoronjien KoKCTepa (xapaKTepncTmecKHH Mnoronjien mo- 
Ho;i;poMHH B cjiynae ocoGennocTeii [2j) mojkho onpeflejiHTb (J)opMyjiOH 

GUq) =det {qS + S'), 

r^e 5* - BepxHeTpeyrojibnaa MaTpHu,a c eflHHHn,aMH na ^HaronajiH h 
sjieMGHTaMH —ttij Bbime flnaronajin [5]. Mbi 6yfleM pa6oTaTb c chm- 
MeTpnaoBannbiM MnoronjienoM 

Gn{q) = q-'^Gliq^) = det {qS + q'^S'). 

B TeopHH ocoGeHHOCTeii h Teopnn yajion MaTpnu,a S OTnenaeT 
(J)opMe 3eH(|)epTa. Mnoronjien AjieKcan;],epa-KonBea ysjia paBen 
(— l)"det {qS — q~^S^). HojiojKnM p^Jia Bcex i an = — 2 n o6o3nannM 
nepea C = S* + 5* MaTpnn;y (— ajj). ^Jia a4)4)nnnbix flnarpaMM ^bin- 
Knna STa MaTpnn;a connaflaeT c MaTpnn;eH KapTana. ^Jia flnarpaiviM 
/^binKnna ocoSennocTen (|)ynKn;nH neneTnoro nncjia nepeiviennbix MaT- 
pnn;a C 3a;i;aeT nn^eKC nepecenenna b OTMenennoM Saance roMOJiornn 
cjioa Mnjinopa [2]. MaTpnn,a qS + 3a;i,aeT q-imp^eKC nepecenenna [T] 
n nojiynennbie c ee noMontbio paajioJKenna b n,ennbie flpoSn nnjiaiOTca 
g-anajioraMn n,ennbix j]Tpo6em, nonBjiaiomnxcn b Teopnn paapemennn 
ocoSennocTen n ncnncjiennn Knp5n (noannKaeT Bonpoc o cyntecTBOBa- 
nnn g-anajioroB STnx Teopnii - bosmojkho, TaKne o5o6ni;eHna Morjin 6bi 
ocHOBbiBaTbca na peayjibTaiax A. B. FnBenTajia o g-MOHo;i;poMnn [I]). 
TojK^ecTBa KpncTo4)4)ejia-^ap5y ji^jisi pa^OB HyanKape rpynn Kjien- 
na n MnoronjienoB KoKCTepa MoryT OKasaTbca nojieanbiMn b oSpaTnoM 
nanpanjiennn - nnTepecno Sbijio 5bi BbiacnnTb cmmcji 3Tnx TO>KflecTB 
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npH g = 1 B TeopiiH ocoSeHHOCTeii, TeopHH ysjiOB h tgophh ajireSp JIh, 
OTBe^aiomHx rpynnaM KjiefiHa. B TeopHH rpynn Kjienna ohh npe^- 
CTaBJiaiOT co5oH KBaflpaTHHHbie cooTHomeHHa ueiiKpj KpaTHOCTaMH 
BxojKfleHHa HenpHBO^iHMbix npeflCTaBJieHHH rpynnbi Kjiefina b orpaHH- 
HGHHa Ha 3Ty rpynny HenpHBo;i;HMbix npeflCTaBJienHH rpynnbi SU{2). 

riO-BHflHMOMy, 3TH COOTHOmeHHa MOJKHO OHHCaTb B TGpMHHaX KOJIGH; 

npe^ICTaBJieHHH rpynnbi SU{2) n rpynn Kjienna. 

B. 36ejiHHr HHTepnpeTHpoBaji bcktop ph^ob HyanKape KajK^oii 
rpynnbi Kjienna KaK pemenne jinneHHoii CHCTeMbi c MaTpni^eii {z — 
2)E+C, Tjifi C - MaTpHn,a Kapiana cooTBeTCTByiomeH a(|)(|)HHHOH ^na- 
rpaMMbi /IbiHKHna [7]. ypaBnenna b btoh jinneiiHOH cncTeivie mo>kho 
paccMaTpHBaTb KaK o6o6ni;enH5i nocjieflOBaTejibnbix flejiennn c ocTaT- 
KOM B ajiropHTMe EBKJiH;i;a n, napa^iy c (J)opMyjiOH flonojinenna no 
Illypy, Hcnojib30BaTb nx ;i;jia paajiojKenna b BeTBan^neca n;ennbie flpo- 
6h h fljia flOKaaaTejibCTBa anajioroB TOJK^ecTBa KpHCT0(J)(J)ejia-^ap6y. 
B [7] HcnojTb30Bajica cjieflyiomnfi HSBecTHbin 4)aKT: ^jia rpa4)a, ne 
HMeiomero n,HKjiOB HeneTHon ^jiuhbi, xapaKTepncTHHecKHfi MnoroHjien 
det {{z — 2)E + C) C0Bna;i,aeT c Mnoro^JienoM KoKCTepa. Hcnojibsya 
3T0 paBencTBO n 4)opMyjiy ^jia xapaKTepncTHnecKoro Mnoro^Jiena rpa- 
(J)a [9], Mbi noKa>KeM b n. 3, hto ^jih Ka>K^OH h3 a4)4)HHHbix ^narpaiviM 
^biHKHna An, Dn, Eq, Ej, Eg BGKTop pa;i;0B HyanKape cooTBCTCTBy- 
ioin;eH rpynnbi Kjienna nponopn;Honajien BCKTopy, sjieMenTbi KOToporo 
onpe;i;ejiaiOTca MnoroHJienaMH KoKCTepa no^flnarpaMM. Ko3(|)(|)Hn;H- 
enT nponopn,HOHajibHOCTH coBna^aeT c yMHO>KeHHbiM na q MHoroHjie- 
HOM KoKCTepa cooTBeTCTByiomen a(|)(|)HHHOH ^narpaMMbi /JbiHKHna 3a 
HCKJUonenneM n;HKJia neneTnon fljinnbi A2m. B 3tom cjiynae on panen 
yMHO>KeHHOMy na q xapaKTepncTn^ecKOMy MnoroHjieny rpa(J)a A2m- B 
cjiynae pa^a IlyaHKape ^Jia nnBapnanTOB rpynnbi Kjieiina 3th yTnep- 
jKflenna coflepjKaTca b [7]. 

^jia e;i;HnoH (|)0pMyjiHp0BKH neKOTopbix (|)aKTOB o pa;i;ax HyanKape 
rpynn Kjienna y^oSno CMnxaTb, nTO ^Jia KajK;i;oH a4)4)HnnoH ^narpaivi- 
Mbi ^binKHna cyni;ecTByeT eni;e o^na (ne npHnaflJiejKani;aa ;i;HarpaMMe) 
nepmnna, coeflnnennaa c a(J)(|)HnnoH Bepmnnon peSpoM neca 1, n pa^i; 
HyanKape ^Jia stoh ^onojinnTejibnon nepmnnbi panen q~^. BoannKa- 
eT Bonpoc, cymecTByiOT jin HnTepnpeTan,HH TaKon Bepmnnbi b Teopnn 
npe^CTaBjiennii rpynn Kjieiina hjih b Teopnn KjiennoBbix oco6enno- 
CTeii? 

PeayjibTaTbi na [9] n |18| noanojiaiOT nojiynnTb necKOJibKO 4)aKT0B, 
CBaaannbix c Kopnaivin pa;i;0B HyanKape: paajioacenne b cyMMy npo- 
CTenmnx ^poGen, npe^^cxaBJienne GeayTnana n nponcKnana na tojk- 
;i;ecTBa KpncT0(J)(J)ejia-^ap6y b Bn;i;e cnMMexpnnecKnx 4)ynKii;nH ot 
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Kopneii, Bbipa>KeHHe o^noro pa^a HyaHKape ^epea KopHH ^pyroro, 
nepeMe>KaeMOCTb Kopneii ii csasb c nocjie/i,OBaTejibHOCTflMH IIlTypMa, 
;i;HCKpeTHaa opToronajibHOCTb, CBaaaHHaa c no;i;cTaHOBKOH KopHeii b 
TOJK^iecTBO KpHCTO(|)(|)eji5i-^ap6y. Mm ne Sy^eivi no;i;po6HO ocTanaBJiH- 
BaTbca Ha sthx TeMax. 

^>K. JleBHH onncaji nepecTpoHKy 3aii;enjieHHa b yaeji, npn koto- 
poH KOHTpojiHpyeMO MenaeTca MHoroHJien AjieKcaH^epa-KoHBea |19| . 
A HMGHHO, OTHomeHHe MHoro^JienoB AjieKcan^epa-KoHBefl 3an,enjie- 
HHa H yajia onpe^ejifleTCfl HHBapnaHTaMH MnjiHopa npoMe>KyTOMHoro 
oS^beKTa nepecTpoHKH - neKOToporo CTpHHr-3an,enjieHHfl (oSoSmeHHoii 

KOCbl, B KOTOpOil HHTflM paSpeiUaeTCa ne SblTb MOHOTOHHblMH). B TOH 

jKe CHTyaii;HH OTHomenHe MHoroHJienoB AjieKcanflepa-KoHBea mojkho 
onncaTb b TepMHHax g-HH^eKca 3aii;enjieHHa |30| . Hpe^CTaBJiaeT hh- 
Tepec cjieflyiomHH Bonpoc: KaKne ;i;onojiHHTejibHbie CTpyKTypbi MOJKeT 
coxpaHHTb nepecTpoHKa ^>k. JleBHHa? Mm nacTHHRO OTBeTHM na stot 
Bonpoc B cjiynanx, KOTji^a 3an,enjieHHe CTpoHTca no njiocKoii KpHBoii co- 
rjiacHO KOHCTpyKLi,HH A'KaMno h Kor^a 3an,enjieHHe CTpoHTCfl no 
xopflOBOH ^narpaMMe corjiacno KoncTpyKn,HH XnponaKH |12| . Hac 6y- 
jifiT nnTepeconaTb B03MO>KnocTb pa3pe3aTb OTBenaiomee njiocKon Kpn- 
BOH HjiH xopflOBoii ^HarpaMMG 3an,enjieHHe b necKOJibKHx Tonxax n 3a- 
TGM CKJieHTb o5pa30BaBmHeca KOHn;M TaKHM o6pa30M, hto nojiyneHHoe 
3an;enjieHHe TaKJKe 6y;i;eT cooTBCTCTBOBaTb neKOTopon hjiockoh kphboh 
HJIH xop;i;oBOH flHarpaMMe. ^pyrHMH cjiOBaMH, mm HalifleM nepecTpoii- 
KH 3aH;eHJieHHH, peajiH3yeMMe nepecTpoHKaMH hjiockhx kphbmx hjih 
xopflOBbix flnarpaMM, b nacTnocTH, mm peajiH3yeM nepecTpoHKoii Jle- 
Bnna pa3pe3anHe hjiockoh KpHBoii b hgocoGoh tomrg h y^ajieHne xop^M 
H3 xopflOBOH ;],HarpaMMbi. OGi-eKT, HOJiyneHHMH nocjie pa3pe3aHHfl, mm 
HHTepnpeTHpyeM KaK CTpHHr-3an,enjieHHe. 3to no3BOJiHT b n. 4 npn- 
MGHHTb TeopeMy JleBHHa h, b nacTHOCTH, BMpa3HTb Hepe3 HHBapnaH- 
TM MnjiHopa CTpHHr-3aH;eHJieHHH cjie;i;yiOHi;He OTHomenHa MHoroHJie- 
HOB KoKCTepa gbrjih^obbix h a(J)(J)HHHMx ;i;HarpaMM ^MHKHna 

^2n+i(g) A2n+i{q) E^{q) DM Prig) Ejjq) 
A2n{q) ' A2n+2{qy E,{qy Es{q)' Es{q) 

nepeceneHHe 3Toro CHHCKa co chhckom HpHMepa 5 ;i;aeT OTHomenHa 
pa;i;oB HyaHKape (hjih oSpaTHbie k hhm), KOTopbie BbipajKaiOTca Hepe3 
HHBapHaHTM MnjiHopa CTpHHr-3aii,enjieHHH. 

/Jjia jiio6oro 3aii,enj[eHHa K o6o3HanHM Hepe3 Aj^iq) MHoronjieH 
AjieKcan^epa-KoHBea btofo 3aii,enjieHHfl. JJ^Jin CTpHHr-3an,enj[eHHa L, 
KaK H fljia KOCM, OHpe;i;ejieHO 3aMMKaHHe L h o6pa3 b Hpe^CTaBJienHH 
Bypay (3{L). B |14| ;i;oKa3aH cjie^yiomnH anajior 4)opMyjiM Jlennna, b 
KOTopoii pojib nepecTpoHKH nrpaeT yMHOiKenne na JiioGyio oGbinnyio 
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Kocy B, 

A^jq) _ detjE-m) ... 
A^-Jg) det{E-fi{BL)y 

Mm noKajKeM b n. 4, hto paapeaaHne njiocKofi kphboh b neocoSoH toh- 
Ke H y^ajieHHe xop;i;bi h3 xop;i;oBOH ;i;HarpaMMbi peajinayiOTca yMHOJKe- 
HHeM Ha CTan^apTHyio oGpaayiomyio rpynnbi koc. B nacTHOCTH, mojk- 
HO BbipasHTb Hepea npe^CTaBjienHe Bypay OTHomenHH MHoro^JienoB 
KoKCTepa eBKjiH^OBbix h a(J)(J)HHHbix ^HarpaMM /JbiHKHHa h3 cnHCKa 
B npe^bi^ymeM a63an,e. 

^jia HenpHBOflHMOH ocoSghhocth KpHBofl pafl HyaHKape KOJibii;a 
4)yHKii;HH Ha 3toh KpHBoii coBna^aeT c ;i;3eTa-(J)yHKii;HeH MOHOflpo- 
MHH (ona onpeflejiaeTca xapaKTepHCTmecKHM MHoroHJienoM moho- 
;i;POmhh) [3]. Bo3MOJKHO, pe3yjibTaTbi o (J)aKTopH3aii;HH MHoroHJiena 
AjieKcaHflepa-KoHBea (na ajireSpaHnecKOM ypoBne 3Ta (|)aKTopH3an,Hfl 
peajiH3yeTCfl ^opuyjiom ;],onojiHeHHfl no Illypy) |14| . |19| h npHBe^en- 
Hbie HH>Ke (J)opMyjibi MoryT nocjiy>KHTb ochoboh ^jih peKypcHBHoro 
nocTpoeHHfl TeopHH, Hsy^aiomefi cbh3h ;],3eTa-4)yHKn,HH mohoapomhh 
H pa^OB HyaHKape KOJien, 4)yHKn,HH na ocoSenHOCTax. C4)opMyjiHpy- 
eu Sojiee KOHKpeTnyio rHnoTe3y: OTHomeHHe pa^OB HyaHKape KOJien; 
4)yHKn;HH ;i;jia 5jih3khx (ho npHMbiKanHK) hjih ho pacHOJiojKeHHK) b 
cepHH) ocoSeHHOCTeii kphbmx OHpe;i;ejiaeTca HHBapnaHTaMH Mhjiho- 
pa CTpHHr-3aH;eHJieHHa, KOTopoe aBJiaeTca HpoMejKyTOHHbiM oSiseKTOM 
npH nepecTpoHKe ysjia o^hoh oco6eHHOCTH b y3eji ^pyron. Mnoro- 
Hjien KoKCTepa eBKjiH^OBOH ^narpaMMbi /JbiHKHHa An coBna^aeT c h- 
MHoroHjienoM n-CHMHjieKca hjih MHoro^JienoM HyaHKape cooTBeTCTBy- 
lomero TopHHecKoro MHorooGpasna - n-Mepnoro npoeKTHBHoro npo- 
CTpancTBa. Mojkho Ha;i;eaTca, hto cymecTByiOT noxojKne CBa3H MejK- 
;i;y CTpHHr-3aii;enjieHHaMH h OTHomenHaMH /i-MHoroHJienoB npocToro 
MHororpaHHHKa h ero rpaHeii hjih MHoroHJienoB HyaHKape cooTBeT- 
CTByK)Hi;Hx HM TopHHecKHx MHoroo6pa3HH. B pa6oTax o CBa3ax ;i;3eTa- 
4)yHKH;HH H pa;i;oB HyaHKape oSmhho HCHOJibsyeTca npe^CTaBJieHHe 

3THX oS^beKTOB B BH^e HpOH3BefleHHH n,HKJIOTOMH^eCKHX MHOFOHJieHOB, 

Tor^a KaK b paSoTax |14| . |19| h b Hameii CTaTbe cymecTBenHO /i,eTep- 
MHHaHTHoe Hpe/i,CTaBjieHHe. 3to 3aMeHaHHe HOflBO/i,HT nac k cjie;],yio- 
mfiVL sa^a^e, KOTopyio mojkho CHHTaTb Hepe(|)opMyjiHpoBKOH CKa3aH- 
Horo Bbime: HepenecTH Teopnio o CBasax fl3eTa-(|)yHKH;HH h pa;i;oB Hy- 
aHKape c asbiKa paspemeHHH ocoSeHHOCTeii na a3biK (jDopM 3eH(i)epTa, 
B nacTHOCTH, HaHTH HpaMoe flOKa3aTejibCTBO peKyppeHTHbix cootho- 
HieHHH fljia pa;i;oB HyaHKape KOJien; (i)yHKH;HH na ocoSennocTax (ohh 
BbiTeKaiOT h3 peKyppeHTHbix cooTHomenHH fljia xapaKTepncTHHecKoro 
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MHoroMjiena moho;],pomhh) h onHcaTb ^BOHCTBeHHOCTb CaHTO fljiii mho- 
roHjienoB KoKCTepa [7] b TepMHnax CBaaaHHbix c (Jdopmoh SeiicJjepTa 
onpe;i;ejiHTejieH h peKyppeHTHbix cooTHomenHH. 



2. /l^onojiHeHHe no Illypy h MHoroHjienbi KoKCTepa 

06o3HaHHM q + q^^ nepea z. Hcnojibsyfl b Ka^ecTBe An MaTpHLi,y 
(z), pacnojioJKeHHyio na nepece^enHH nepBbix CTpoKH h CT0Ji5n,a MaT- 
pHn,bi qS + q~^S^, mm MOxceM nepenHcaTb (J)opMyjiy ^onojineHHa no 
Illypy cjie^yiomHM oSpaaoM 



r;i,e Pi'j{q) (= Pji{q~^)) - ajireSpanMecKoe ;i,onojiHeHHe sjieivieHTa — ajj, 
2 ^ ^ 7^ J ^ B MaTpHn,e, nojiyHennoH h3 MaTpHn,bi qS + q~^S* bm- 
nepKHBaHHeM nepBbix ctpokh h CT0Ji6n,a. B nacTHOCTH, 3Ta 4)opMyjia 

nOSBOJIflGT OflHOBpeMGHHO C BbinHCJIGHHeM Onpe^GJIHTejia nepeHTH OT 

nepeMGHHOH q k nepeMeHHoii z = q + q~^. B TeopHH ysjiOB oGmmho 
HcnojibsyeTCH MaTpHii;a —qS + q~^S^ h nepexo^i; ot nepeivieHHOH q k 
nepeMeHHOH t = q — q~^ asjiaeTca nepexoflOM k MHoroHJieny KoHBea. 
Hepexo^i; k nepeivieHHOH z = q + q~^ mojkgt 6biTb nojieaen, nanpn- 
Mep, no cjie;],yion];eH npnnnne: ^,Jl5l xapaKTepncTnnecKoro Mnoronjiena 
MonoflpoMHH Mbi nojiynHM Mnoronjien c Beni,ecTBennbiMH Kopnaivm, k 

KOTOpOMy MOJKHO npHMCnHTb XOpOHIO paSBHTyiO TeOpniO TaKHX Mno- 

ronjienoB. 

Cjie;i;yioni;HH nacTHbiH (HeoflHOKpaTHO nepeoTRpbiBaBniniica) cjiy- 
nan (J)opMyjibi (2) ncnojibSOBajica npn HayneEHH MHoroHJienoB Kokc- 
Tepa B KOHTeKCTe TeopnH ocoSeHHOCTen, TeopnH ajireSpaH^ecKHx hh- 
ceji, TeopHH KOJiHanoB, TeopHH npe;i;cTaBJieHHH accon;HaTHBHbix ajire6p 
H nacTHHHO ynopafloneHHbix MHOJKecTB (ccmjikh mojkho naHTH b |28| ). 
/J>KOHnoM flnarpaMM /JbinKHna Tj c OTMenennbuvra BepmnnaiviH Vi na- 
3biBaeTCfl flnarpaMMa /JbinKnna T^, nojiynennaa ^oSaBjienneM k o6t>- 
e^nnennio ^narpaiviM Tj en],e o^non nepmnnbi v n pe6ep neca 1, coe^n- 
nflion],Hx nepmnny v co BceMH OTMenennbuvra Bepmnnaivin. Ha (|)opMyjibi 
(1) BbiTeKaeT cjie^yiomee paBencTBO (nepea Tj o6o3HaHHM flnarpaiviMy 
/l^biHKHHa, HOJiyHeHHyio h3 ^HarpaiviMbi Tj y^ajieHHeivi BepniHHbi fj). 






(3) 
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OopMyjibi (2) H (3) MOJKHO Hcnojib30BaTb fljifl paajioJKeHHH b n,en- 
Hbie flpoSn 

Gn\i{q) 1 

Gn(q) 7-V 2 G'n\{i..}(g) P.jjg) ' 

Tn(q) 

ripHMep 1. BbinHineM ii,enHbie ^poSn a(]3(]3HHHbix ^HarpaiviM 
/^biHKHHa -D„, -Eg, -^7, -Es- KojiHMecTBO noaBJieHHH nepeivieHHOH z b 
KajK^IOH ii;enHOH flpoGn paBHO nncjiy BepniHH cooTBeTCTByioineH acj)- 
4)HHH0H flHarpaMMbi /l^biHKHHa. OopMa ii;enHOH ;i;po5h b onpe;i;ejieH- 
HOM CMbicjie coBna^aeT c (jDopMoii cooTBeTCTByiomeH ^HarpaMMbi. B 
3HaMeHaTejiHx n,enHOH /i,po6h, co^epjKamHx Sojibine flbyx cjiaraeMbix, 
nepBoe cjiaraeMoe z cooTBeTCTByeT BepniHHe BeTBjieHHii b /i,HarpaMMe 
/^biHKHHa. HanpHMep, b ;i;HarpaMMe ojma, BepniHHa BeTBJieHHa npn 
n = 4 H flBe npn n > 4. HoBTOMy ^jia ^narpaMMbi Dn mm Bbi^ejifl- 
GM flBa cjiynaa. Ha 4)opMyjibi 36ejiHHra [7] cjie^yeT, mto ^Jia Ka>K^OH 
^HarpaMMbi n,enHaa flpo6b pabna yMHOJKeHHOMy na q pa^y HyaHKape 
jifla. HHBapnaHTOB cooTBeTCTByioineH rpynnbi KjiefiHa. 

DA{q) _ 1 

Hq) . 1 



1 1 

z z 



Dn{q) 
Dn{q) 



1 

z 



1 1 

z z 



E,{q) 
E,{q) 



z — 



1 1 
z z 

z z 
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E7{q) 1 



1 



1 



1 z 
z 

1 

z 

z 



Es{q) 



Es{q) ^ _ 



1 1 

z — 



1 z 
z 

z 

BeayTHaHOM h BpoHCKHanoM (|)yHKii,HH j g nasbiBaiOTCfl Bbipa>Ke- 

Bez{f,g) = , 

X — y 

Wrif,g) = \imBezif,g) = fg-fg'. 

JXjih MHoroHJieHOB fug BpoHCKHan TaKJKe MOJKeT Sbitb npe^CTaBJien 
cjie;i;yioiii;eH 4)opMyjiOH 

Wr{f,g) = m~'j{F,G)\y=^, 

Tj^e F = F{x,y) m G = G{x,y) - o;i;HopoflHbie 4)opMbi CTenenH m, 
F{x, 1) = /, G{x, 1) = ^ H J{F, G) - aKoSnaH 4)opM F h G [H]. 

nPEflJIO>KEHHE 1. /Jam npouseoAbHou duazpaMMU JJuHKUHa Gn 
cnpaeedAueu coomHoiaeHUH 

Bez{Gniq),Gn\i{q)) = (1 - (a;y)-i)G,,\i(x)G^\i(y) (4) 
+ ^ aliBez{Gn\i{q),Gn\{i^i} 

Bez{Gn\i{q),P^M)^ 

WriGniq),Gn\M) = (l - x^')G\,ix) (5) 
+ ^ aliWr{Gn\iiq),Gn\{i,i}iq)) + ^ aiiaijWr{Gn\i, Pijiq)), 
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6 HacmHocmu, 



Bez{Tn{q),l[T,{q)) = {l-ixyr')l[T,{xmy)+Y^Bez{T,{q),f,{q)), 

i i j 

Wr{Tniq),llT,iq)) = (1 - x^^) JJ^^f (^) + E Wr{T,{q),fM)- 



/loKaaaTejibCTBO. Oopiviyjia ji^jisi BpoHCKHana nojiynaeTca npeflejib- 
HbiM nepexoflOM h3 (J)opMyjibi fljia SeayTHana. ^OKaaceM (J)opMyjiy (4) 
no anajiorHH c flOKaaaTejibCTBOM TOJK^ecTBa KpHCT0(J)(J)ejia-/^ap6y b 



Grr{x)Gn\i{y) - Gn{y)G n\i{x) 
Gn\i{x)Gn\i{y) 



Gn{x) 



X 



+ x-^ - E al 



2<i<n 



Gn\{l,i}{x) 
Gn\l{x) 



^ Gnjy) 

Gn\i{x) Gn\i{y) 



-y-y 



sr^ 2 Gn\{i,i}{y) 
2k 



Gn\lix) 

My) 

Gn\i{y) 



X — y + X 



Gn\i{x)Gn\{i,i}iy) - Gn\l{y)Gn\{l,i}{x) 
Gn\i{x)Gn\i{y) 



Gn\iix)Pij{y) - Gn\i{y)Pijix) 



Gfi\i{x)Gn\i{y) 



H ocTaeTca ^oMHOJKHTb Ha {Gn\i{x)Gn\i{y)) / {x — y). 

ripHMep 2. riycTb b ^HarpaMMe /JbiHKHHa Gn no^^HarpaMMa na 
BepniHHax 1, . . . , /c coBna^aeT c gbrjih^oboh ^HarpaiviMOH /JbiHKHHa 
H BepniHHbi 1, . . . , /c — 1 He CBaaanbi peSpaMH c nofl^HarpaMMoii Gf^xj.. 
HyMepaLi,Hfl BepniHH BbiSpana Tax, hto ai2 = 023 = ...ak-ik = 1- 
06o3HaHHM nepes Cj no;i;;i;HarpaMMy G^y, 1 ^ i ^ k, Cq = G^. Tor;i;a 
HMeeM cooTHomeHHa 

- zCM) + = 0, 1 ^ 2 ^ A: - 1, 

KOTopbie MOJKHO npe;],CTaBHTb B cjie^yiomeM bh^g 



1 

-1 ^ 



CM CM)' 



Hcnojibsya sth cooTHomenHfl h cyMMnpya paBencTBa BH^a 



C.-i(g) CM 



CM c,+M 



c^-M CM 
CM) c,+M 



cM)c^+M' 
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nojiyHHM ^jifl 1 ^ z ^ A; — 1 cjie;],yiomHe TOJK^ecTBa 

k 



a-l(g) 



Coiq) C,iq) 
CM CM 



j=i+i 



1 gfc-i(g) 



PasjioJKeHHa b ii,enHbie flpoSn h 4)opMyjibi ^jih SesyTHana h BponcKHa- 
na npHHHMaiOT cjie^yiomHH bh;:, (KOJinnecTBO noflBjieHHH nepeMeHHoii 
z B ii;enHOH ;i;po6H paBHO k — i) 

C^{q) 1 



Q-M 



z — 



1 



fc-1 



Bez{CM<l),C^{q)) = {l-{xyr')Y,C,{x)C,{y)+Bez{C,_M,CM), 



fc-1 



WT{CMq).C^{q)) = (1 + PFr(C,_i(g),C,(g)). 



XapaKTepHCTHHecKHM MHoroHjienoM rpacj^a Gn HasbiBaeTCH cjie^y- 
lomHH onpe^ejiHTejib 

Gt{z) =det((z-2)E + C). 

IlpHBefleHHbie Bbime 4)opMyjTbi ^jia MHoro^Jiena KoKCTepa ocTaiOTca 
cnpaBe^jiHBbiMH ^jia xapaKTepHCTHnecKoro MHoro^Jiena, ecjiH aaivie- 
HHTb MHHopbi MaTpHii;bi qS + q~^S^ na cooTBeTCTByioiuHe MHHopbi MaT- 
pHii;bi {z—2)E+C. 06o3HaHHM nepea Hij{z)(= Hji{z)) ajireGpanHecKne 
;i;onojiHeHHa ajieivieHTOB MaTpHii;bi {z — 2)E + C, nepea Qij - MHOJKecTBO 
nyTefl 6e3 noBTopenHa BepniHH, Hflymnx b rpa(J)e Gn h3 BepniHHbi i b 
BepniHHy j, nepea dfj - cyMMy bgcob nyTeii b rpacjje Gn, HMeiomHx 
^jiuHj k H H^ymHx H3 BepiuHHbi i B BepniHHy j (bgcom a{P) nyTH P 
HasbiBaeTCH npoH3Be;],eHHe bgcob Bxo^amHx b nero peSep) Cjie^yiomHe 
TOJK^iecTBa (a TaKJKe ccbijikh na nepBOHCTOHKHKn) HMeiOTca b [9]: 

^ a{Q){G*\QM, (6) 



HiM 



HtM 



G*iz) G%{z) 



Bez{Gt{z),H,M) = $^i^^fc(x)i/,fc(2/), 



(7) 
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(9) 




(10) 



EcjiH rpacj) flBjiaeTCfl ^epeBOM, to npH jiioSoh HyMepan,HH BepniHH 
ero xapaKTepHCTH^ecKHH MHoroHjien coBna^aeT c MHoro^JienoM Kokc- 
Tepa. 3tot H3BecTHbiH (]3aKT BbiTCKaeT, nanpHMep, h3 4)opMybi (3) no 
HH/i,yKn,HH. HsBecTen TaKace Sojiee mnpoKHii Kjiacc rpacJ^OB co cne- 



rpa(|)bi nasbiBaiOTCfl ^By^ojibHbiMH h xapaKTepHsyiOTCfl OTcyTCTBHeM 
n,HKjiOB HeneTHoii ^jiHHbi. Ho onpe^ejieHHK), BepniHHbi Taxoro rpa(J)a 

MOJKHO pasGHTb Ha flBa MHOJKeCTBa, B Ka>KflOM H3 KOTOpblX HGT CO- 

e^HHeHHbix pe6paMH BepniHH. HyMepyiOTca cnanajia BepniHHbi o^Horo 
MHOJKecTBa, a saTeivi ;i;pyroro. OaKT coBna^eHna xapaKTepncTHHecKO- 
ro MHoroHJiena h MHoroHJiena KoKCTepa fljia flBy;i;ojibHoro rpa(J)a c 
TaKOH HyMepai^neii BepniHH aBJiaeTca npaMbiM cjie^CTBHeivi (|)opMyjibi 
;i;onojiHeHHa no Illypy. 3to coBnaflenne ncnojibSOBajiocb npn ^OKaaa- 
TGJibCTBe 4)opMyjibi 36ejiHnra [7] . Mbi ncnojibsyeivi ero fljia oSoSinenna 
4)opMyjibi 36ejiHnra. Cpe^n ^narpaiviM /^biHRnna ocoSennocTen ^e- 
peBbaMH aBjiaiOTca tojibko CTan^apTHbie ^narpaMMbi ^binKnna npo- 
CTbix ocoSennocTen An, -D„, i?6, -E'?, -Eg- B [6] nivieiOTca npniviepbi jx^a.- 
rpaMM /JbinKHna ne npocTbix ocoSennocTen, KOTopbie ne hmgiot n,HK- 
jiOB neneTnoH ;i;jiHHbi. Otmcthm eiii;e o;i;ho cjie^CTBHe coBna;i;enHa xa- 
paKTepncTHnecKoro MnoroHJiena n MHoronjiena KoKCxepa. Ho^^rpacJ) 
^IByflOJibnoro rpa(|)a aBJiaeTca flBy;i;ojibHbiM n ;i;Haronajibnbie ivinnopbi 
MaTpHn;bi {z — 2)E + C paBHbi MnoronjienaM KoKCTepa cooTBCTCTBy- 
ioii],Hx noflrpa(J)OB. HosTOMy Toac^ecTBa ^Jia ^naronajibHbix MnnopoB 
CHMMeTpHMecKOH MaTpHn,bi |13| flaiOT cooTHomenHa ^jia Mnoro^JienoB 
KoKCTepa no;],rpa(i)OB. 

HpHMep 3. PaccMOTpHM a(|)(|)HHHbie ^^narpaiviM ^binKnna D^, 
Eq, Ef, Eg c nyMepaitneii Bepninn, b KOTopon Bepmnna c noMepoM 
C0Bna/i,aeT c Bepmnnoii, ^oSaBjiaeMoii npn nepexo^e ot eBRjin^OBoii 
flnarpaMMbi /^biHKiiHa k a4)(|)HHH0H. Beca Bcex peSep paBnbi 1. Hc- 
nojibsya (|)aKTbi h3 npeflbiflymero a53an;a n 4)opMyjiy (6), flJia KajK;i;oH 
;i;HarpaMMbi BbipaanM Mnoronjienbi HiQ^z) nepea MnoroHJienbi Kokc- 
Tepa noflflnarpaMM. ^Jia acjDcjDnnnon ;i;HarpaMMbi ^biHRnna A^ HMeeM 
(nojiaraeM ^0(2;) = 1) 



HanoMnHM, hto a4)4)HHHaa ^narpaMMa ^binKnna A^ aBJiaeTca n;HK- 
jiOM c n + 1 BepniHHOH n noBTOMy h3 o^non Bepmnnbi b ^pyryio mo>kho 



n;HajibHOH nyMepaiinen Bepinnn, ;i;jia KOTopbix 
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nonacTb ^Byivifl nyTHMH. OcTaBniHeca MHoro^Jienbi HjQ(z) npe;],CTaBjie- 
Hbi Ha ^HarpaMMax. MnoroHjieH Hqq[z) Bcer^a coBna^aeT c MHoroHjie- 
HOM KoKCTepa cooTBeTCTByiomeH eBRjiH^OBofl flnarpaMMbi ,HbiHKHHa. 
B n. 3 Mbi yBH^HM, hto ^,Jl5l KajK;],OH H3 ^HarpaMM An, Dn, Eq, E-j, 
Eg Ha6op MHoroHJieHOB Hio{z) nponopii;HOHajieH Ha6opy ph;i;ob HyaH- 
Kape cooTBeTCTByromeii rpynnbi KjiefiHa. Ko34)4)Hii;HeHT nponopii;HO- 
HajibHOCTH coBna^aeT c yMHOJKenHbiM na q MHoroHJienoM KoKCTepa 
cooTBeTCTByiomeH a(J)(J)HHHOH ;i;HarpaMMbi ^biHKHHa aa HCKJiiOHeHHeM 
n,HKjia He^eTHOH ^jiHHbi A2m- B 3T0M cjiy^ae oh paben yMHOJKeHHOMy 
Ha q xapaKxepHCTHHecKOMy MHoroHJieny rpa4)a A2m- 



Ef. 



Ai{q)A2{q} 



Est 



Er 



E,{q 

Ml 
Al{q 

Ai{q 

Miq 

Es{q 
Eriq 
Eeiq 
D,{q 

Mq 

AM 
^Al{q 

Ai{q 



AM* 



A2{q) 



Dn-2{q)^ 



A2iq) 



Al{q)i 



EM) 
DM) 
AM) 

AM)AM) 

AM)A2{q) 

A\{q) 

AM) 

Dn{q) 

AM)Dn-2{q) 
AM)DnMq) 



AM)A3{q) 

A\{q) 

A\{q) 
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ripHMep 4. Cjie;],yiomee paBencTBO HBjifleTCfl anajioroM TOJKflecTBa 
(1) fljia acJxjDHHHOH flnarpaMMbi ^biHKHHa An 



HfM A*{z) 



A*{z) A*{z) ^_2fl-(fl±l' 

Hcnojibsya cooTHomeHne 

A*_,^{z) = zA*{z) - A*_^{z), 

Mbi MOJKeM npoflOJiJKHTb pasjiojKeHHe B ii;enHyio flpo6b. Ha (|)opMyjibi 
35ejiHHra [7] cjie;i;yeT, hto peayjibTaT pasjiojKeHHa coBna;i;aeT c yiviHO- 
jKeHHbiM Ha q pa^OM HyaHKape jiflu HHEapnaHTOB cooTBeTCTByiomeH 
flHarpaMMe A^ rpynnbi KjieiiHa. 

A*{z) 1 



A^ (x 



1 1 
z — ■ ■ 



1 1 

z z 

r;i;e fljia He^eTHoro n r = z/2, fljia HGTHoro n r = 1, ji^jisi HeneTHoro n 
nepeMGHHaa z noaBJiaeTca b ii;enHOH flpoSn n pas, a fljia neTHoro n - 
n + 1 pas. 

HsBecTGH cnocoS o6o6iii,eHHa TO>K;],ecTBa KpHCT0(|)(|)ejia-/Iap6y 
|23| . Ha 4)opMyjibi (2) ^jia naSopoB nepeMennbix Xi, . . . , Xm nyi-, . . . ,yk 
BbiTCKaeT MaTpH^Hoe paBencTBO (l^/^m,l^s^A;,B CKoSKax 
nocjie SesyTHana mm BbinHCHBaeM nepeivieHHbie, ot KOTopbix oh saBH- 
cht) 

{Bez{Gt{z),H,^{z)){xi,ys)) = {H,k{xi)){H,k{ys)y. (11) 

ECJIH m = k ^ n, TO mm MOJKeM npHMGHHTb K BTOMy paBGHCTBy TOJK- 

;i;ecTBO BHHe-KoiHH: 

det {Bez{Gi{z), Hij{z)){xi,ys)) = J^^^* iH,k,{xi)) det (HjkAys)), 

(12) 

r;i;e cyMMHpoBaHne Be;i;eTca ho bcgm m-Ho;i;MHOJKecTBaM 1 ^ ki < ■ ■ ■ < 
km ^ n B MHOJKecTBe n. 

3. Pa^bi HyaHKape n MHoroHjienbi KoKCTepa 

^jia KajK^ioro hghphbo^^hmmx npeflCTaBJieHHa kohghhoh HOfl- 
rpyHHM B C SU{2) (SnHapHoii HOJiHa^pajiBHoii rpynnbi) B. KocTanT 
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onpe;],ejiHji pa^bi HyaHKape 



mn,iq , 



r^e ?Ti„ j - KpaTHOCTb npe;],CTaBjieHHa b orpanH^enHH na B n-m 
CHMMeTpHMecKOH CTeneHH CTan^apTHoro ^ByMepnoro npe/i,CTaBjTeHHH 
rpynnbi SU{2) (naBecTHO, hto CHMMeTpH^ecKHe CTenenn CTan^apTHoro 
npe^CTaBjieHHH HC^epnbiBaiOT nenpHBO^HMbie npe^CTaBjieHHH rpynnbi 
SU{2)) |16| . |17| . ^Jia 3THX paflOB on nojiynnji cjieflyioin;He (|)opMyjibi 



r;i;e Zi{q) - neKOTopbie MHoroHJienbi c ii;ejibiMH HeoTpHii;aTejibHbiMH ko- 
34)4)Hii;HeHTaMH, CTeneHH KOTopbix ne npeBOCxo;i;aT h - cyMMbi paaiviep- 
HOCTen nenpHBOflHMbix npe;i;cTaBJieHHH rpynnbi B, a mb Moxcno nanTH 
H3 ycjiOBHii a + b = h + 2 m ab = 2\B\. OTivieTHM apH(J)MeTnnecKoe cjie^- 
CTBne SToro peayjibTaiaTa B. KocTanTa: ji^Jisi jnoSoii rpynnbi Kjieiina B 
naiypajibHoe hhcjio {h + 2)^ — 8\B\ nBjineTCn nojinbiM KBaflpaTOM,TaK 
KaK naTypajTbHbie ^ncjia a mb anjifliOTCfl KopnHMn KBa^paTnoro ypan- 
nenna x"^ — {h + 2)x + 2\B\ = 0. HH>Ke mm nojiynHM neKOTopbie (jDopiviy- 
jibi fljia OTHomennn pa;i;0B HyanKape Pi{q), OHeBH;i;HO sth OTHomenHa 
coBna;i;aiOT c OTHOinenHaMH cooTBeTCTByiomnx MHoroHJienoB Zi{q). Xa- 
paKTepbi rpynnbi B BbipajKaiOTca nepea cneii;HajiH3aii;HH MnoroHJienoB 
Zi{q) |24| H noBTOMy 4)opMyjibi ;i;jia OTHomennH MHoroHJienoB Zi{q) 
;i,aiOT cooTnomenna ^jia xapaKTepoB. 

CooTBeTCTBne MaKKea conocTanjiaeT rpynne B a(J)(J)Hnnyio ^na- 
rpaMMy /JbinKnna neKOTopoii ajireSpbi Jin. Bepniiinbi ^narpaMMbi 
BsanMno o^noananno cooTneTCTByiOT nenpnEO^HMbiM npe^CTaBjiennaM 
rpynnbi B, npnneivi, TO>KflecTBennoe npe^CTaBjienne tq cooTneTCTBy- 
eT Bepmnne, floSaBJiaeMon npn nepexo^e ot eBKJiHflOBoii ^narpaMMbi 
/^biHKHHa K a(J)(J)HHHOH (nasoBeM 3Ty Bepmnny a(J)(J)HHHOH). B. Ko- 
CTanT onpeflejiHJi K03(J)(J)Hn;HeHTbi MnoroHJienoB Zi{q) b TepMnnax op- 
6ht ;i;eHCTBHa sjieMenia KoKCTepa ;i;HarpaMMbi na cooTBeTCTByromen 
CHCTeMe Kopneii, nncjio h panno nopa^Ky 3JieMenTa KoKCTepa. /^pyrne 
no;i,xoflbi K pa^aM HyanKape Pi{q) n MnoronjienaM Zi{q) Moa<no naliTH 



Zi{q) = q^ + i = 0, 1, . . . , n. ^jia a(|)(|)HHHbix ^narpaMM ^bin- 

Knna Eq, E-j, Eg nncjia a, 6 n MnoroHJienbi Zi{q) npe^CTaBJienbi na 
flnarpaMMax (neKTopy (m, n, . . . ) OTBenaeT Mnoronjien g™ + g" + . . . ) 




Z^{q) 



(13) 





2, b 



n + 1 H 
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r. r. HjibiOTA 



EQa = 6b = 8 

(3,5,7,9) 
(4, 8) 

Ej a = 8b=12 



(4,8,10,14> 



Eh a = 12 b = 20 



(6,10, 14, 16,20, 24> 



0,12) 

1,5,7,11) 

2,4,6,6,8,10) 

3,5,7,9) 

4,8) 

0,18) 

1,7,11,17) 

2,6,8,10,16) 

3,5,7,9,9,11,13,15) 

4,6,8,10,12,14) 

5,7,11,13) 

6,12) 

0,30) 

1,11,19,29) 

2,10,12,18,20,28) 

3,9,11,13,17,19,21,27) 

4,8,10,12,14,16,18,20,22,26) 

5, 7, 9, 11, 13, 15, 15, 17, 19, 21, 23, 25) 

6,8,12,14,16,18,22,24) 

7,13,17,23) 
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Dn a = A b = 2n - A • (0, 2n - 2) 



(2,2n-4)» «»(l,3,2n 



5,2n-3) 



<»(2,4,2n-6,2n-4) 




4,n - 2,n,n + 2) 



[n — 2, n)' 




3,n — l,n — l,n + 1) 



• (n 



2,n) 



HaM y;i;o5HO 5yfleT CHHTaTb, hto KajK;i;oH a(J)(J)HHHOH flnarpaM- 
Mbi ^biHKHHa T cymecTByeT ^onojiHHTejibHaa (ne npHHa;i;jie>Kaiii;aa T) 
BepniHHa c HOMepoM —1, coe^HHeHnaa c nivieioineH HOiviep a(J)(J)HHHOH 
BepniHHOH peSpoM Beca 1, ii P-i{q) = q~^, Z_i{q) = — — g**), 
H_io{z) = T*{z) flHarpaMM i2m-i, -D„, E^, Ej, E^ T*{z) = 

T(q)). /l^Jifl KajK^OH BepniHHbi i b ^narpaMMe T oSoananHM ^epes 
BepniHHy, KOTopaa coe^HHena peSpoM c BepniHHOH i h pacnojiojKena 
B ;i;HarpaMMe Sjihjkg k BepniHHe —1, hgm BepniHHa i, b nacTHOCTH, 
BepHiHHa 0— coBHa^aeT c BepmnHOH —1. Ecjih (b cjiy^ae flnarpaMMbi 
^2m+i) TaKHx BepniHH OKajKeTca ;i;Be, to Sepeivi jiioSyio h3 hhx. ^Jia 
KajK^OH BepniHHbi i oGoanaHHM nepea Qi MHOJKecTBO BepniHH, KpaT- 
HaHniHe nyTH h3 KOTopbix b BepniHHy —1 co^epjKaT Bepmnny i. Hy- 
Mepan;Ha Bepinnn b a4)4)HHHOH ^narpaMMe An cooTBeTCTByeT oSxofly 
n;HKJia. 

Hcnojibsya 4)opMyjiy KjieSma-rop^ana n cooTBeTCTBne MaKKea, 
B. 36ejiHnr noKaaaji, mto 



r;i;e C - MaTpHn;a KapTana a(|)(J)HHHOH flnarpaMMbi ^biHKHna [7] (neKO- 
Topbie ;i;onojiHHTejibHbie acneKTbi stoh 4)opMyjibi npe;i;cTaBJieHbi b 
|29|). Ha (J)opMyji (13) n (14) BbiTeKaeT, hto 



(Zo(g), Zi(g), ...){zE + {C- 2E)) = (Z_i(g), 0, . . . )• (15) 



Corjiacno onpe;],ejienHK) n npannjiy Kpaiviepa, ^Jia jiioSoro rpa(i)a nivie- 
eM 



{Hoo{z), H.oiz), ...)iiz-2)E + C) = {H_,^{z), 0, . . . )• (16) 



(Po(g), A(g), ...){{z-2)E + C) = (P_i(g), 0, . . . ) 



(14) 



18 r. r. HjibiOTA 

Cjie^yiomHe yTBepjK;],eHHfl BbiTeKaiOT h3 4)opMyji (6)-(10) h (14)-(16). 
PaBencTBa (20) h (21) npome BbmecTH h3 4)opMyji (4) h (5). Ynpome- 
HHK) (jDopMyji cnocoScTByeT KOCocHMMeTpHHHOCTb SeayTHana h BpoH- 
CKHana 

Bez{f,g) = -Bez{g,f),Wr{f,g) = -Wr{g,f). 

EcjiH MHoroKpaTHbiM npHMeneHHeM (J)opMyji (4) h (5) mm pacKjia^biBa- 
eM 6e3yTHaH hjih BpoHCKHan b ^Byx MecTax ^HarpaiviMbi, h^h no n,HKjiy 
An B pasHbix HanpaBJieHHax h y^ajiaacb ot a(|)(|)HHHOH BepniHHbi, to b 
MecTe BCTpeHH sthx pasjiojKeHHH npoHCxoflHT coKpameHHe npoiviejKy- 
TOHHbix SesyTHanoB hjih BpoHCKHanoB h ocTaiOTca tojibko cjiaraeMbie 
BH^a (1 - {xy)~')Pk{x)Pk{y) hjih (1 - x-'')Pi{x). 

nPE^JlO>KEHHE 2. 1) JJ^AH —l^i,j^n UMCCM cjiedywuiiUe pa- 
eeHcmea Sam pndoe UyauKape spynnu KAeuna, coomeemcrney'K)iu,eu 
A')o6ou U3 a^cfiuHHUx duazpaMM /(uHKuna An, Dn, Eq, E-j, Eg, 

PM) ZM) H.oizY ^ ' 

6 HacmHocmu, Bah i ^ 



qH.io{z)' 



Mhozohabhu Hio{z) eupacHcenu nepes MHOsoHAenu KoKcmepa e IJpu- 
Mepe 3. McKAtoHenue cocmaeAMtom mhosohachu H^iq{z) Bah dua- 
spaMM A2m ^ OHU coenadawm c xapaKmepucmunecKUMU mhozohae- 
HttMU zpacpoe A2m (noAazaeM Aq{z) = z = Ai{z)) 

m 

A{z) = q{z'-^' - E^Wi^L-2.(^) - 2) = g-2-(g2™+i - 1)1 

1=1 

/(am MHOzoHAenoe HiQ{z), omeeuawinux KacHcdou eemeu e duazpaMMax 
Dn, Eq, Ej, Eg, cnpaeedAueu ^opjuyAU U3 npuMepa 2. 
2) /Iah 1 



qH_io{z) 



Po{q) TM) 



zde Ti{q) (Ti{q) ) - mhozohaeh KoKcmepa duazpauMU, noAyueHHOu yda- 
AEHueM eepmuHU i U3 coomeemcmeywui^eu esKAudoeou (a^^uHHOu) 
duaapaMMU JJuhkuhg. 
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3) /I^AM ^ i ^ n uMecM CAedywvuue paeencmea Bah a^xfiunnux 
duazpaMM /(uhkuhq Dn, Eq, Ej, E^ 

Bez{PUq), P^{q)) = (1 - {xyy') Yl Pkix)P,iy), 
Wr{PUq), P^{q)) = (1 - x~') Pki^), 

keQi 

e HacmHocmu, 

Bez{q~\Poiq)) = (1 " (xy)-^) ^ Pfc(a;)Pfc(2/), (18) 

fc>0 

Wr{q-\Poiq)) = (1 - x'^) J] P,2(x), (19) 

/I^AM a(fi(puHHOu duaspaMMU /I^UHKUHa An cnpaeedAueu (popjviyAU (18) 
u (19). AnaAozaMU ocmaAbHux ^opjviyA neAHiomcn CAedywiu,ue pa- 
eencmea, UMewmue Mecmo npu 1 ^ i ^ j ^ n (noAazaeM, umo 
Pr,+,{q) = Po{q)), 

3 

Bez{P,.M^nq))+Bez{PM),P,+,{q)) = {l-{xy)-^)Y,Pk{x)Pk{y), 

k=i 

(20) 

3 

Wr{P,^r{q),PM)) + Wr{P,{q),P^+,{q)) = (1 - x"^) ^ P^^x), (21) 

k=i 

TaKue otce (popMyAU cnpaeedAueu, ecAU aaMenumh ece Pi{q) na Zi{q) 
11 q~^ na q~^{l — q"'){l — q^)- HMetom Mecmo Mampunnue eapuanmu 
ecex amux moofcdecme, eumcKawmue U3 ^opjuyA (11) u (12). 

4 ) /^AM ^ i ^ n 

qP,{q) = J2d^z-'-\ 

H3 (|)opMyjibi (17) BbiTCKaeT, hto ii;enHMe ;i;po5h h3 HpHMepoB 1 ii 
4 paBHbi qPo{q) j^Jisi cooTBeTCTByiomeH acJxjDHHHOH flnarpaMMbi ^mh- 
KHHa. Te >Ke 4)opMyjibi mojkho nojiy^HTb, ecjiH HcnojibsoBaTb b hh- 
/i,yKTHBHOH npon,e/i,ype pa3Jio>KeHHfl b ii,enHyio ;],po6b ne 4)opMyjiy j]t:>- 
nojiHeHHfl no Illypy, a ypaBnenHfl jnoSoii h3 CHCTeM (14)-(16). Hpn 
3T0M j^jisi a(i)(i)HHHOH ;i;HarpaMMbi ^biHKHna An nojiyHHTca SecKoneH- 
naa BeTBamaaca ii;enHaa ;i;po5b. HtoSm nojiyHHTb ii;enHyio flpoSb h3 
HpHMepa 4, nyjKHO ocTanoBHTb HH^yKTHBHyio npoii;eflypy na [?t./2]- 
M mare. Ha^HHaa c JiioSoro npoMejKyTOHHoro mara b HH^yKTHBHOfl 
npon,e;i,ype pa3Jio>KeHHa b n,enHyio ;i,po6b p^jiii qPo{q) = Polq) / P-i{q) , 
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r. r. HjibiOTA 



Mbi nojiy^M pasjioJKeHHH ^jia Bcex OTHOinenHii Pi^(q) / Pi{q) . /Jpyra- 
MH cjiOBaMH, n,enHbie ^poSn ^jih OTHomeHHH Pi^{q)/Pi{q) iiBjiiiiOTCfl 
HacTaMH ii;enHOH flpoSn ^Jia OTHomeHHa Po{q) / P-i{q) . AnajiornHHoe 
yTBepjK^ieHHe cnpaBefljiHBO ji^jisi TOJKflecTB KpHCTo4)4)eji5i-^ap5y. 

HpHMep 5. Hcnojibya (jDopMyjiy (17) h HpHMep 3, npHBe^eM ^Jia 
a(J)(J)HHHbix ^HarpaMM /JbiHKHna -D„, Eq, Ej, Eg cbhckh OTHomeHHii 
pa^OB HyaHKape Pj_^{q)/Pj{q), j ^ 0. HeKOTopbie h3 bthx OTHome- 
HHH B n. 4 6yflyT BbipaiKenbi nepea HHBapnaHTbi Mnjinopa CTpHHr- 
3an,enjieHHH. 

Dnjq) AMDn-2{q) Dn-M Dj^Mql^^_l 1 l_ 

brM) ' Dn{q) ' D^.M ' ■ ■ ■ ' D,{q) ' D,{q) ' ' A,{q) ' AM ' AM 

Eq : 

E^jq) AM AM AM AM ^ ^_ 

E,{q) ' EM ' AM ' ^2(g) ' v42(g) ' AM ' ^i(g) 

EM DM AM Ai{q)AM AM AM _^ ^_ 

EM ' Eriq) ' DM ' AM ' ^(?) ' ^(?) ' A^iq) ' Ai(g) 

Eg : 

EM EM EM DM AM A^{q)AM AM M M 

Es{q) ' Es{q) ' EM ' EM ' ^5(g) ' AM ' ^2(g) ' AM ' ^1(9) 

4. Pa/i;bi HyaHKape h nepecTpoiiKH 3aij;enjieHHH 

CTpHHr-3aii;enjieHHeM S HasbiBaeTca ynopa^OHeHHbiH h ne hmgio- 
iHHH ocoGeHHOCTeii naSop h3 n kphbmx Sj b npaiviOM npoH3Be;i;eHHH 
;i;HCKa Ha 0Tpe30K / = [—1,1], npHHGM, KpHBbie coe;i;HHaiOT toh- 

KH {pi, —1), • • • , {Pn, ~1) C TO^KaMH (pi, 1), . . . , 1), COOTBeTCTBeH- 

HO. Coe,^HHfl^I fljifl Ka>K^oro 2 tohkj {pi, —1) c to^koh {pi, 1) KpH- 
Boii, H^ymeii no rpaHHLi,e n,HjiHH;],pa x J, mm nojiy^HM 3an,enjieHHe 
H3 n KOMnoHGHT Sj. Ha30BeM 3T0 3an,enjieHHe BepTHKajibHbiM 3aMbi- 
KaHHGM CTpHHr-3aii;enjieHH5i S. ropH30HTajibHbiM 3aMbiKaHHeM flByx- 
KOMnoHeHTHoro CTpHHr-3aii;enjieHHa Ha30BeM y3eji, nojiyHeHHbiii co- 
e^HHeHHeM ToneK h {p2,j), j = ~1; 1- C(|)opMyjiHpyeM Teope- 

My JleBHHa |19| ji^Jisi ;i;ByxKOMnoHeHTHoro CTpHHr-3aii;enjieHHa - naivi 
noHa^o6HTca tojibko 3tot nacTHbiH cjiynaii. 06o3HanHM Hepe3 H h 



psiffbi nyAHKAPE rpynn kjiehha 



21 



V ropH30HTajibHoe h BepTHKajibHoe saMbiKanHH ^ByxKOMnoneHTHO- 
ro CTpHHr-3an,enjieHHfl S. ToTj^a ^,Jl5l cooTBeTCTByiomHx MHoro^JienoB 
AjieKcaH^epa-KoHBea Aniq) h Av{q) HMeeT mgcto 4)opMyjia 



k+l 



AHiq) 



r;i;e /iii,...,i„)(>S') - HHEapnaHTbi MnjiHopa CTpHHr-3aii;enjieHHa S, q — 
q~^ = u/ + HpaBaa nacTb 3Toro paBencTBa BbipajKaeTca TaKJKe 
nepea HHfleKC 3aii;enjieHHa na 6ecK0HeHH0M ii;HKJiHHecKOM HaKpbiTHH 
ysjia |30| . 

npHBe;],eM KpaTKoe onpe/i,ejieHHe nHBapnaHTOB Mnjinopa CTpHnr- 
3aii,enjieHHfl (no;],po6HOCTH mo>kho naiiTH b |19| ). OSoananHM nepea 
Tx (|)yHflaMeHTajibHyio rpynny npocTpancTBa (-D^ x I) \ S. Peajinay- 
GM CBoSoflHyio rpynny Fn c oSpasyiomnMH Xi, . . . ,Xn Kax (jDyn^aivien- 
TajiBHyio rpynny npocTpancTBa (D^ x 0) \ {pi, . . . ,Pn}, npnneM Ta- 
KHM oSpaaoM, HTO Bcex i HH;i;eKC 3an;enjieHHa neTJin Xi n hhth Sj 
paBen 1. B. Marnyc onpe^ejinji BJiojKenHe nnjibnoTenTHoro nonojine- 
nna rpynnbi Fn b KOJibn;o paflOB ot n neKOMMyTHpyiomnx nepeMennbix 
Z[[ui, . . . , Un]] (o6pa3yioiu,eH Xi OTnenaeT piip, 1 + Ui). /J^jih Ka>K;i,oro k 
H30Mop(|)nbi (|)aKToprpynnbi rpynn n vr no k-M HjienaM nx nnxcnnx 
n,enTpajibnbix pa^OB. HoaTOMy Bjioacenne Marnyca onpe^ejiaeT bjio- 
>KenHe nnjibnoTenTnoro nonojinenna rpynnbi vr b Z[[ui, . . . , J^-nn 
Ka>Kfloro i Moxcno onpe;],ejiHTb sjieivienT (jDyn^aMenTajibnoii rpynnbi, 
npeflCTaBJiaiomaa neTJia KOToporo h^gt napajiJiejibHO KOMnoneHTe Si 
H ee HH;i;eKC 3aii;enjieHHa c cyMMofl Bcex Sj paBen 0. Ko3(J)(J)Hii;HeHTbi 
oSpaaoB 3THX sjieivieHTOB b Z[[ui, . . . , uj] 

il,...,ir 

H nasbiBaiOTca nHBapnaHTaMH Mnjinopa CTpHHr-3aii;enjieHH5i. 

ripeflnojioJKHM, nTO ^jih neKOToporo ^ncKa Dq C nepece^enne 
3an,enjienHfl M C x / c n,HjiHnflpoM Dq x / coBna;],aeT c jibjmsi 
napajiJiejibnbiMH xop^aiviH b Dq x 0. OSoanannM Hepe3 N 3an,enjienHe, 
nojiynennoe h3 M cjie;],yioii],HM o5pa30M: paapeaceM xop^bi nepnen^n- 
KyjiapnoH njiocKOCTbio (pnc. lb) h ckjighm KOMnoneHTbi c o^hoh h c 
;i;pyroH CTopoH paapeaa. TaKJKe mm MOJKeM npHKJienTb KOMnoneHTbi k 
BepxHCMy H HHJKHeMy ocHOBaHHaM ii;HJiHHflpa Dq krk na pnc. la hjih 
KaK na pnc. Ic. B cjie^yiomnx cjiynaax nojiynaTca CTpHHr-3aii;enjieHHa 
B CMbicjie namero onpe^ejienna (o6o3naHHM nx Hepe3 Mi n M2): 
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r. r. HjibiOTA 



1) M HBjifleTCfl ^ByxKOMnoHeHTHbiM 3aLi,enjieHHeM, xop^,bI b ^hc- 
Ke -Dg X npHHaflJie>KaT paanbiM KOMnoneHTaM h npHKjieHBaHHe npo- 
hcxo;i;ht KaK na pnc. la (oHeBH^HO, hto ropnaoHTajibHoe saMbiKaHne 
CTpHHr-3aii;enjieHH5i Mi roMOTonno N); 

2) M sBJiaeTca ysjiOM (o;i;HOKOMnoHeHTHbiM 3aii;enjieHHeM) h npn- 
KJieHBaHHe nponcxo^HT KaK na pnc. Ic (oHeBH;i;HO, hto ropnaoHTajibHoe 
aaMbiKaHHe CTpHHr-3aii;enjieHH5i M2 roMOTonno M). 




^ r 



la lb Ic 

06o3HaHHM nepea W oSpaa hmmcpchh naSopa OTpesKOB h OKpy>K- 
HOCTefi B ;],HCK ^ npHHCM, B KaHGCTBe ocoSeHHOCTeii /i,onycKaiOTCH 
TOJibKO ;],BOHHbie TpancBepcajibHbie nepecenenHH, b tom ^hcjig h c rpa- 
HHii;eH flHCKa. H. A'Kaivrao conocTaBHJi kphboh W 3aii;enjieHHe. Koh- 
CTpyKii;Ha H. A'KaMno noHa^o6HTca HaM b BapnaHTe Tonnee, HaM 
;i;ocTaTOHHO Sy^eT snaTb, hto cooTBexcTByioinee kphboh 3an;enjieHHe 
peajinayeTca b OKpecTHOCTH ;i;HCKa x b ii;HJiHH;i;pe x / KaK rpanH- 
n,a H^ymeii b^ojib kphboh jieHTbi c neKOTopbiMH nepeKpyTKaMH B^ajin 

OT flBOHHblX TOHGK H yKaaaHHCM B OKpeCTHOCTH flBOHHOH TOHKH KaKaS 

KOMHoneHTa rpaHHn,bi jieHTbi npoxo^HT Bbime h KaKaa HHJKe. B OKpecT- 
HOCTH TO^KH nepeceHGHHa KpHBoii c rpaHHn,eH Kpyra KOHLi,bi rpaHHLi,bi 
JieHTbi CKJieHBaiOTca. KajKflbiH o6pa3 OTpesKa ^aeT o;i;Hy KOMHoneHTy 
B 3aii;enjieHHH, a KajKflbiH o6pa3 OKpyjKHOCTH - ^bg KOMHoneHTbi. B 

OKpeCTHOCTH HGOCOSOH TOHKH W KpHBOH W Mbl MOJKGM npO;i;e(J)OpMH- 
pOBaTb JIGHTy B HaCTb HJIOCKOCTH flHCKa X H HOJiyHHTb CHTyan;Hio, 

OHHcaHHyio B npe^biflymeM a63an;e. Bojiee Toro, ecjin TOHKy w mojk- 
HO coe^HHHTb c rpaHHn,eH ^ncKa x kphboh c^, nepeceKaiomeH 

KpHByiO W TOJibKO B TOHKG W (Ha30BeM TaKyiO TO^Ky BHeniHefi), TO B 

cjiynae 1) BepTHKajiBHoe 3aMbiKaHHe CTpHHr-3an,eHj[eHHH M\ tomotoh- 
Ho M, a B cjiynae 2) BepTHKajiBHoe 3aMbiKaHHe CTpHHr-3an,eHj[eHHa 
roMOTOHHO A^. EcjiH Mbi pa3pe3aeM KpHByio W bo BHeniHeii tohkg w, to 
KOHii;bi pa3pe3a mojkho coeflHHHTb c rpaHHii;eH flHCKa D'^ x kphbmmh, 
KOTopbie napajiJiejibHbi kphboh c^. Hoboh kphboh, nojiyneHHOH TaKHM 
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cnocoSoM H3 KpHBOH KOHCTpyKn,HH H. A'KaMHO conocTaBHT 3an,en- 
jieHHe, KOTopoe roMOTonno 3an,enjieHHio N. Ha pHC. 1 ^Jin BHeniHeli 
TOHKH paspeaa npe;i;nojiaraeTca, hto Sojibinaa nacTb kphboh Haxo;i;HT- 
ca nepefl njiocKOCTbio CTpaHHii;bi (b nepneH;i;HKyjiapHOM en ^HCKe D^), 
a KpHBaa Haxo^HTca aa njiocKOCTbio CTpaHHii;bi h TaM jkg nponcxo- 
;i;ht BepTHKajibHoe aaMbiKaHne. Ha TeopeMbi JleBHna BbixeKaeT 

nPE^JlO>KEHHE 3. UpednoAootcuM, Hmo moHKa paspesa w ^ W 
HeAHemcH enemHeu. Ecau Kpuean W ydoeAemeopHem ycAoeuHM CAy- 
nan 1), mo 



AN{q) 



[u 



O^fe ii,...,ife 



U 



k+l 



EcAU Kpuean W ydoeAemeopHem ycAoeuMM CAynan 2), mo 



AN{q) 



O^fc ii,---,ik 



U 



k+l 



B Hacmnocmu, CAedytouJiUe omnomeHUH MHOsoHAenoe KoKcmepa eupa- 
McammcH nepes UHeapuanmu MuAHopa coomeemcmeywunux cmpum- 
sanenAenuu (na duaspoMMMX o6o3HaHeHa monna paapeaa w): 



Mn+i{q) 




A2n + 2(q) 



E8(q) 



D5iq) 
Eeiq) 



ooo 



E7{q) 
Ea{q) 




IJepeceHeHue amoso cnucna co cuuckom IJpuMepa 5 daem omnouie- 
HUM pndoe UyauKape (uau o6pamHue k hum), Komopue eupaatcatomcM 
Hepea uneapuanmu MuAHopa cmpum-sanenAewm. 

^Ba B03M0JKHbIX CFJiajKHBaHHa KpHBOH W B TOHKC flBOHHOrO CaMO- 

nepeceneHHa mojkho peajinaoBaTb nepecTpoHKofi 3aii;enjieHHa: paape- 
3aeM cooTBeTCTByioiuHe stoh tohkc ;i;Ba ynacTKa jienTbi h 3aTeM CKJie- 
HBaa nyjKHbiM o5pa30M o6pa30BaBmHeca KOHii;bi rpaHHii;bi jienTbi. ^o- 
nycKaa KpHBbie W , b kotopbix o6pa3bi rpanHu, 0Tpe3K0B MoryT jiexcaTb 
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BHyTpH flHCKa D^xO [8], Mbi MO>KeM TaioKe peajiHSOBaTb nepecipoHKOH 
3an,enjieHHfl paapeaanHe KpHBoii W b jiioSoh TOHKe. 

AnajiornHHO mojkho npHMGHHTb TeopeMy JleBHHa k KOHCTpyKii;HH 
E. XHpoHaKH |12| . conocTaBJiaiomeH 3aii;enjieHHe ynopa^OHeHHOMy na- 
6opy xopfl B flHCKe. 3aii;enjieHHe aBJiaeTca rpaHHii;eH noBepxHOCTH, no- 
jiyneHHOH npHKJieHBaeM nepeKpyneHHOH jieHTbi k KOHii;aM KajK;i;oH xop- 
jif>i (3Ta onepaii;H5i HSBecTna KaK njiiOMSHHr XoncJ^a h aBJiaeTca nacT- 
HbiM cjiy^aeM Sojiee oSmeii onepan,HH - cyMMbi Mypacyrn). HopflflOK 
Ha xop^ax onpe^ejiaeT, KaKaa h3 flbyx jight pacnojioJKeHa Bbime. Mbi 
MOJKeM paapeaaTb jiio6yio jienTy h no o5e CTopoHbi paapeaa CKjienTb 
KOHn,bi rpaHHLi,bi (anajior 3aLi,enjieHHfl N). /Jjia naGopa xop^ 3Ta onepa- 
ii;iia cooTBeTCTByeT y;i;ajieHHio xop;i;bi, OTBeHaromeii paapesanHOH Jien- 
Te. CrjiajKHBaHHK) naGopa xop^i; b abohhoh tohkc TaKJKe cooTBeTCTBy- 
eT paapeaaHHe h nepeKJiefiKa flByx cooTBeTCTByiomHx jight. ^HarpaM- 
Ma ^biHKHHa naSopa xop^ aBJiaiomaaca rpa(J)OM nepeceHeHHH naGopa: 
BepniHHbi ^HarpaMMbi OTBenaiOT xop;],aM, peSpa - TOHKaM nepecenenHH 
xopfl. JlioSoe jifipeBO, b nacTHOCTH, jnoSaa h3 gbrjih^^obbix h a4)4)HH- 
Hbix flnarpaMM /IbiHKHHa h3 npe;],Jio»ceHHa 3, peajinayeMO naSopoM 
xop/^ pjj. 

ripHMep 6. PaccMOTpHM B KanecTBe KpHBoii W OKpy>KHOCTb 6e3 
;i;BOHHbix TOHCK. KoHCTpyKii;H5i A'KaMHO conocTaBnaeT em 3aii;enjieHHe 
Xon4)a (;i;Ba TpHBnajibHbix y3Jia, 3aii;enjieHHbix npocTenrnHM cnoco- 
6om), MHoroHJien AjieKcaH;i;epa KOToporo paben — q. Pa3pe3aHH0H 
OKpyjKHOCTH cooTBeTCTByeT TpHBHajibHbiH y3eji, KOTopbiH coBna;i;aeT 
c ropH30HTajibHbiM 3aMbiKaHHeM CTpHHr-3an,enjieHHa, nojiyneHHoro h3 
3an,enjieHHa Xon(J)a no cxeMe pnc. la. HnnapnanTbi Mnjinopa 3Toro 
CTpHnr-3an,enjienHa pannbi (npniviep 8 b |10) ) = (— 1)'^"''^, 

ecjiH ii = ■ ■ ■ = ifc = 1, H paBBbi b flpyrnx cjiynaax. Hpaxo^HM k 
oneBH/^HOMy paBencTBy 

g"^ - g = -u{u + 1)^/^(1 -u + u^ -u^ + ...). 

C TO^KH 3penHfl Teopnn oco6ennocTeH nepecTpannaeTCH 3an,enjienHe 
ocoSennocTH Ai : = b (Tpnnnajibnbin) y3eji neoco6oH tohkh. 

Ton me ocoSennocTH b jiTpyrwix Koop^nnaiax Ai : x'^ — y'^ = coot- 
BGTCTByeT KpnBafl W , cocToantaa h3 ^nyx nepeceKaiomnxcH 0Tpe3K0B. 
CrjiajKHBaHHe btoh kphboh b ;i;bohhoh tohkg peajiH3yeT nepecTpon- 
Ky 3an;enjieHHa XoncJ^a b ^Ba TpHBnajibHbix y3Jia. Mojkho TaKJKe hc- 
xo;i;HTb H3 KOHCTpyKn;HH E. XnpoHaKH, conocTaBJiaiomeH naSopy h3 
o;i;hoh xopflbi 3an;enjieHHe Xon4)a. Xii;ajieHHe xop;i;bi peajiH3yeT nepe- 
CTpoHKy 3an,enjienHa Xon(|)a b TpnBHajibnbin y3eji. 
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HpHMep 7. OcoSeHHOCTH A2 : x"^ — = OTBe^aeT KpHBaa W, hb- 
jifliomaacfl o5pa30M OTpesKa h HMeiomaa o^ny ^BoiiHyio TOHKy. Paa- 
peaaHHe btoh kphboh b neocoSoH tohkc na neTJie peajinayiOT nepe- 

CTpOHKy ySJia BTOH OCoSeHHOCTH (TpHJIHCTHHKa) B yaejl OCoSeHHOCTH 

Ai (3aii;enjieHHe Xon(|)a) . ^Ba crjiajKHBaHna kphboh W b ;i;bohhoh toh- 
Ke peajiHsyiOT nepecTpoiiKy TpHJiHCTHHKa b TpHBHajibHbiH yaeji hjih b 
06'fceflHHeHHe TpHBHajibHoro ysjia h 3an;enjieHHa Xon4)a. KoHCTpyKn;HH 
E. XHponaKH conocTaBjifleT tphjihcthhk nape nepeceKaiomHxca xop^. 
y^ajieHHe xop^bi peajinayeT nepecTpoHKy TpHjiHCTHHKa b 3aLi,enjieHHe 
Xon^a. 

HpHMep 8. Ho KpHBOH W onpe^ejiaeTCH ^narpaMMa /JbiHKHna [2]. 
KOTopoii MaTpHn;a qS + q~^S* HMeeT bh^ (mm oSosHanaeM e^HHHH- 
Hbie MaTpHn;bi pasHbix pasMepoB o;i;HHaKOBo) 

zE -qA qC \ 
-q^^A^ zE -qB , 
g-^C* -g-ifi* zE j 

Tji^e A, B, C - n;ejiOHHCJieHHbie MaTpHn;bi c HeoTpHn;aTejibHbiMH 3Jie- 
MeHTaMH. B cjiynae ocoSeHHOCTeH njiocKaa KpHBaa aBJiaeTca jinHHen 
ypoBHa BemecTBeHHOH 4)yHKLi,HH OT flByx nepeMennbix, BepniHHbi ^na- 
rpaMMbi /JbiHKHHa cooTBeTCTByiOT MaKCHMyMaM, MHHHMyMaM H cefl- 
jiaM 3T0H (J)yHKn,HH H MaTpHn,bi A, 5, C onpe;],ejifliOTca no BsanMnoMy 
pacnojioJKennio MaKCHMyMOB, MnnnMyMon n ce^eji. Beca pe6ep ^na- 
rpaMMbi /JbinKHna y^OBjieTBopaiOT cooTnomennflM FyceHn-Sa^e, h3- 
BJieKaeMbiM h3 reoMeipHH hjiockoh kphboh. 3th cooTHomenHa mojkho 
co6paTb B MaTpHHHoe paBencTBO AB = 2C. PaapeaaHne kphboh W 
BO BHeniHeii TOHKe OTBenaeT Bbi6pacbiBaHHio BepniHHbi h3 flnarpaM- 

Mbl ^blHKHHa H BblHepKHBaHHK) COOTBeTCTByiOni;HX CTpOKH H CT0Ji6n;a 

B MaTpHn,e qS + q~^ S'^ . HoBTOMy 4)opMyjia ^onojinennH no Ulypy ^aeT 
(J)opMyjiy (|)aKTopH3an,HH - CBflSbiBaeT Mnoronjienbi KoKCTepa hcxo^- 
Hoii KpHBOH H KpHBOH c paspesoM. AnajiomnHbiH (|)aKT HMeeT MecTO 
^jin necKOJibKHx nocjie/i,OBaTejibHbix paapeaoB (TOHKa MOJKeT ne SbiTb 
BHemneH ^Jia hcxo^hoh kphboh, ho CTaTb TaKoii nocjie necKOJibKHx 
paapeaob). HpHBefleM npHMep TaKOH (i)aKTopH3an;HH. CymecTByroT no- 
cjie;i;oBaTejibHOCTH paapeaoB, npHBo;i;Hni;He k cjie;i;yK)ni;HM MaTpHn;aM 



/ zE -qA\ f zE -qB\ 
\-q-^A^ zE ) ' \-q-^B^ zE J 
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HpHMeHflH 4)opMyjiy ^onojTHeHHH no Illypy h Hcnojibsyfl cooTHome- 
HHa FyceHH-Sa^e, nojiy^HM (^epea d o6o3HaHHM kojih^gctbo Tpanc- 
BepcajibHbix caMonepeceneHHii kphboh) 



\zE - z-^AAH\zE 



z'^\E-{Az-'^-l)C\zE-z-^ AA')-^C{zE-z-^ B'B) 



HHTepecHO SbiJio 5bi BbipasHTb npabyio nacTb SToro paBencTBa nepea 
HHBapnaHTbi MnjiHopa |19| . g-HH^eKC 3aii;enjieHHa |30| h npe^CTaBJie- 
HHe Bypay fljia CTpHHr-3aii;enjieHHH |14| . 

Ho paapeaaHHOMy 3aii;enjieHHio M (pnc. 16, pnc. 26) mojkho no- 
CTpoHTb CTpHHr-3an,enjieHHfl flpyrHM cnocoSoM: 




2a 2b 2c 

CTpHHr-3aLi,enjieHHe na pnc. 2a nojiy^eno h3 CTpHHr-3an,enjieHHfl na 
pnc. 2c yMHOKCHHeM na CTaHTi,apTHyio oSpasyiomyio rpynnbi koc. Ecjih 
3an,enjieHHe M nocTpoeno no njiocKoii KpnEoii W n pa3pe3 cootbct- 
CTBycT Bnemnen tohkc kphboh, to nepTHKajibnoe 3aMbiKanHe CTpnnr- 
3an;enjieHHa na pnc. 2a (2c) roMOTonno M (N). EoaTOMy (i)opMyjia (1) 
BbipajKacT OTHomcHHe Aj\!{q)/ Amiq) Hepe3 npeflCTaBJiCHHe Bypay. ^Jia 
pa3pe3aHH0H jiCHTbi B KOHCTpyKn;HH E. XnpoHaKH Bce anajiornHHO. 
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